Much is known about the topology and geometry of the quotient of hyperbolic 3-space tl 3 by the action of a group F of isometrics which has a fundamental polyhedron with finite volume or (more generally) with a finite number of faces.
These objects are treated using the finite generation of 1", the Ahlfors finiteness theorem [1], the tangent ergodic theorem in Sullivan [6] , and an elementary packing estimate for disjoint spheres resting on a plane, Proposition 2.
We arrive at the following restriction on the number of cusps, Let F be a discrete group of isometries of H a with N generators.
THEOR~.~ (finiteness of cusps). The number Nc o/cusps o/F is/inite and satis/ies

Nc<SN-4.
Acknowledgement. The paper was directly inspired by a conversation with Fernando C. Rocha about the proof that Ha/F has only finitely many topological ends (F finitely generated, see Addendum).
Also hidden behind the construction of ~fa(~) (Part II) is an interpretation of Ahlfors calculation [2] in terms of holomorphic quadratic vector fields which arose from a conversation with Bill Thurston.
Finally, the reader of Ahlfors [2] will realize the great debt owed to the argument of page 11 there. This argument has intrigued me for some time.
Added (February 1981) . After writing this paper I received an announcement of Bill Abikoff in which he describes a sharper inequality (the 5 becomes a 3) vahd under a topological regularity condition on the three manifold. Abikoff's proof is based on topological work of Scott and the geometrical work of Thurston.
Demonstration of the theorem
We represent It a as the unit ball B in Euclidean 3-space and write lit'ell for the linear distortion of the Euehdean metric by ? E P at ~ E S ~ =aB. By the Marguhs decomposition of an arbitrary hyperbolic manifold M each cusp (=eonjugaey class of maximal parabolic subgroups) determines a certain region in M which lifts to a family of disjoint horobaUs in hyperbolic space. Proo/. The Euclidean volumes of the horoballs at z~ and 7z= aro in the ratio [ [7'za] [ a (up to a universal factor). Since all these horoballs are disjoint, the sum of their volumes is finite. These horoballs are labeled by P: so the series converges.
Q.E.D. Proof. Stcreographie projection has bounded distortion in the compact limit set so the absolute convergence of ~r~ (7'z~) 3 follows from Proposition 1. Then the corollary follows from Proposition 3.
Q.E.D.
The second step of Ahlfors argument [2] is to consider the difference (or coboundary)
Proof. Since a(b-~1~) -1 has a pole at ~ =~-lb with residue -afil'(~-lb) we see the term
in the parenthesis has a pole at ~-17(za) with zero residue, namely, (1) Ahlfors [2] could appeal to Denjoy's theorem for this uniqueness. This requires ~Y [ an[flog a n [ < co which causes a difficulty for us in ease the limit set is all of S 2.
Ahlfors third step is to interpret ~->A~(~) as a crossed homomorphism from F into the vector space P4 of 4th degree polynomials. Namely F acts on Pa by p(~)~->(p(~))~= p@~)/@'~)2. The expression for A~ is formally the coboundary of ~0~ and so satisfies the cocycle or crossed homomorphism condition A~ =A~ + (A~)n.
Since crossed homomorphisms are determined by the values on generators, the dimension of the space of all such is ~< 52/if F is generated by 2/elements. Remarks.
(1) The argument of [6] only require that F be any discrete group so that the action on the limit set has no fundamental set of positive measure. Thus Proposition 6 is valid in this more general case.
(2) The appeal to [6] could be avoided here in the Kleinian case by using an argument like Ahlfors [2] to bound the dimension of the space of solutions.
To study ~ on the domain of discontinuity D r we have Such a disk is constructed by lifting a neighborhood of the cusp in Dr/F.
We consider the growth of T~(t) along the radius r from the center of D to c. To improve 5N to 5(N-1) we add the space of 4th degree polynomials to the space of Borel series generated by the cusps. Their coboundaries generate a 5-dimensional space of cocycles.
PROPOSITIO~ 9. Along the radius r o/ D approaching c (thought of as the origin of t-plane) l~a(t) J ~<C
Part II (The limit set is all of S~). i~ow we consider finitely generated groups discrete groups whose limit set is all of S 2 (or C (3 ~).
We assume stereographic projection has been chosen so that 0 and c~ are cusps equi- For the terms between distance 1/(n + 1) and 1/n of the origin we have the estimate of Proposition 2 which yields l a ,l < n V(n) < n /n
ll(n+l) 4l~z~l<lln
We have used the fact that spherical and planar derivatives are comparable near the origin. So for part (a) the terms are less than ~n 1/n2 < ~.
For the terms whose corresponding points on the sphere are at a distance between 1/(n § 1) and 1In from the north pole, we can again apply Proposition 2. The planar derivative has a size equal to n 2 times the size of the spherical derivative. The denominators of these a~ have size lln 3. Thus all in all these terms are no more than This is impossible if y~---0 (a.e.). We conclude there are no more than 5N cusps besides the one whose orbit contains 0 and oo.
As in Theorem 1 we subtract 5 from this upper bound by adding the space of 4th degree polynomials to the space generated by the yJa(~). Q.E.D.
Addendum.
(1) The argument above shows more generally that the number of cusps of F is finite if (i) the domain of discontinuity satisfies Dr/F is a countable union of finite type Riemann surface,
(ii) there is no wandering set of positive measure in the limit set, (iii) the cohomology group H 1 (P, 4th degree polynomials) is finite dimensional.
(2) A homological argument shows a 3-manifold with a finitely generated fundamental group and a contractible covering space has only finitely many topological ends. (By Scott there is a compact submanifold with the same homotopy type. In particular Hu(M, Z) is finitely generated. But if the number of ends is/~ § 1 the rank of H~ is at least/c.)
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